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01. INTRODUCTION 
THEOREM. If V is a nonsingular algebraic surface in CP’, then V has a Morse function with no 
critical points of index 1. 
COROLLARY 1. There is a smooth (resp., a piecewise-linear) imbedding of V-point (resp., V) in 
R6 (resp., R’). 
COROLLARY 2. Each homology class in H2(V, Z) contains a piecewise-linearly imbedded 
2-sphere. 
The Theorem is proved in 92. The corollaries depend on handlebody decompositions of V; 
they are proved in 03. In conclusion, 84 relates these results to others, and suggests a 
generalization of the Theorem. 
Much of this work is contained in my thesis[5], written at M.I.T.; I am grateful to John 
Morgan, who supervised the thesis, Dennis Sullivan, who suggested the problem, and Isadore 
Singer and Harold Abelson, who followed my progress tep by step. 
Thanks to the referee, whose improved statement and proof of the Lemma in 03 I have 
adopted, Corollary 1 (as it applies to V) has now an exceptionally simple proof. 
02. PROOF OF THE THEOREM 
Up to diffeomorphism, the only invariant of a hypersurface in CP” is its degree. We will 
prove the theorem, then, for only one surface of each degree d in CP3. Let d be positive, fix v so 
that qd = -1, and let V be the ‘Fermat surface’, V = {.zOd + zld + zzd + zsd = 0). Then V,, the 
hyperplane section of V by the plane {z, = qzO}, is{zl = qzo, zzd + zsd = 0) = U 
od-1 
L, where L, is 
the projective line {zl = 7zo, Z~ = wqz3. Thus V, is singular, the union of d concurrent lines. 
In [3] Milnor gives a proof of the Lefschetz theorem on hyperplane sections. In our context, it 
runs as follows: Let P be a generic point, not on V, in the aftine space C3 = CP3 - {zl = vz,,}, 
where we identify (zO: zI : zz: z3) with (z,, z2, zs)/(zl - 7~~). Then the squared-distance function 
is a smooth real-valued function on C3, its reciprocal 
(extended to be 0 where z1 = vzO) is a smooth function on all of CP3 - P, and if we let f: V + R be 
the restriction of this last function then f has these properties: 
f-‘(O) = V,; if E > 0 is sufficiently small then f has no critical values in the interval IO, E [; and 
on V - V,, all the critical points of f are non-degenerate, of Morse index 2, 3, or 4. 
Let N = f-‘(LO, E]), so N is a closed neighborhood of V,, and, for E sufficiently small, a smooth 
manifold-with-boundary. Milnor appeals to general triangulation theorems to show that N 
retracts onto V,. His final conclusion (specialized to our context) is that the manifold V is 
formed from N by attaching 2-, 3-, and 4-handles, at most. Note that non-singularity of V, is not 
hypothesized. 
But (in our case) N is itself a handlebody with one O-handle and d 2-handles. It follows that V 
is a handlebody without l-handles, which is equivalent o the statement of the theorem. 
To prove the assertion that N can be constructed without l-handles, center an afine 
coordinate system at (1, q, O,O), the singular point of V,. Let g be the restriction to V of the 
square of the norm in this coordinate system. Certainly for all sufficiently small 6 > 0, 
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B = {g 4 6) is a smooth closed 4-disk in V, and each L, n B and likewise each L, - int B is a 
smooth, closed 2-disk whose boundary is the transversal intersection L, n aB. Now let E be 
sufficiently much smaller than 6 that N - int B consists of d 4-disks (D’ x D’),, each a tubular 
neighborhood (rel. aB) of L, - int B. (This is possible since V, is non-singular outside B.) 
Certainly, then, B U N is a handlebody with one O-handle (B) and d 2-handles, (D’x D’),. 
However, following Milnor’s construction in [4] employing the Curve Selection Lemma, one 
constructs a non-zero vector field on B - V, which points (say) inwards on both JB fl N and 
B n aN. Pushing along the trajectories for varying lengths of time, we discover that N n B is 
also a O-handle, to which the same d 2-handles are attached in the same way as to B itself: which 
completes the proof of the theorem. 
83. PROOFS OF THE COROLLARIES 
LEMMA. Any smooth imbedding i: aD* x D2C D6 can be extended to a smooth imbedding 
D2xD2LD6. 
Proof. Identify D6 with D* x D’ by a homeomorphism which is a diffeomorphism except on 
aDz x aD”. By a well-known argument, we may assume that i maps aD2 x D* to dDZ x D4 as a 
fibre-bundle cross-section over JD’. The obstruction to extending i to a cross-section i: 
D2 x D’-+ D* x D4 is 0 since it lies in the fundamental group of the Stiefel variety 7~,( V,(W’)) = 0. 
After shrinking fibres slightly, we have i(D* x D’) disjoint from aDz x aD4, so i will be smooth 
into D6 also. I 
Let the 4-manifold-with-boundary M be imbedded in D6 so that aM is contained in dD6. Then 
if M’ is a 4-manifold-with-boundary formed by attaching 2-handles to aM, by repeatedly applying 
the Lemma we can extend the imbedding of M in D6 C S” to an imbedding of M’ in S6, and 
therefore in R’; the various handles can be kept from intersecting since their core 2-disks may be 
assumed to be transversal, that is, disjoint. If further aM’ = S’ and M” is the closed 4-manifold 
formed by attaching a4-handle to M’, then M” can be piecewise-linearly imbedded in R’ > S” by 
‘coning off’. 
If we let M be V - int N, and M’ be the complement in V of the interior of the O-handle of N, 
then int M’ is of course diffeomorphic to V-point while M” is V itself, so Corollary 1 is proved. 
It is interesting to note that only [41, which disclosed the structure of N, and not [3], which 
gives the structure of V-N, is necessary for this proof. In particular, the conclusion of the 
theorem is not necessary to prove Corollary 1 for V. On the other hand, it is not hard, using the 
lemma repeatedly, to prove Corollary 1 for any closed 4-manifold satisfying the conclusion of the 
theorem (one observes that such a manifold has also a Morse function with no critical point of 
index 3, therefore a handlebody decomposition with no 3-handles; imbedding the union of 0- and 
l-handles in Ds C aD6 C D6 is trivial, and the lemma llows the imbedding to be extended to the 
2-handles as above). 
The handlebody decomposition of V without l-handles, produced in 02, can be used to prove 
Corollary 2. 
Let SkzV be the union of the O-handle and all the 2-handles of V, so that Sk2V is a closed 
submanifold-with-boundary of V. The inclusion-induced homomorphism on homology 
H2(Sk2 V; Z) + Hz( V; Z) is clearly surjective. On the other hand, H,(Skz V; Z) is canonically 
isomorphic to the relative group H2(Sk2V, SkoV; Z) (where SkaV is the O-handle) because there 
are no l-handles. The core disks of the various handles are obviously smooth 2-disks which are 
relative cycles generating the relative homology group. It is obvious that any relative homology 
class is represented by a union of (appropriately oriented) disks ‘parallel’ to core disks. If we 
consider the boundary of such a union, as it sits (a link) in S’, the boundary of the O-handle, we 
see that it is always possible to connect the disks by smooth, disjoint ‘ribbons’ (long skinny 
2-cells) in S’-an operation which does not change the relative homology class--so that the 
ensuing relative cycle is in fact a disk. Then the cone (with vertex some point in the interior of the 
O-handle) on the boundary of this disk is again a disk, not necessarily smooth, but certainly p.1.; 
and one sees that the imbedded p.1. 2-sphere which is the union of these two disks is an absolute 
cycle, representing our original, arbitrary, integral homology class. (A similar proof occurs in [ 11.) 
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(1) It should be noted that the theorem lets one eliminate either the l-handles or the 
3-handles, but not both at once, at least not obviously. Even in the case d = 3 of the cubic 
surface, which is known to be diffeomorphic to the connected sum of CP* with six copies of 
-&P* (that is. CP’ with the orientation reversed), and therefore to have a decomposition with one 
O-handle, seven 2-handles, and one 4-handle, the function f used in the proof seems always to 
introduce critical points of index 3, whatever the choice of the point P. 
(2) Milnor shows in [4] that (in this dimension) the so-called ‘Milnor fibre’ is a 
simply-connected 4-manifold-with-boundary, of the homotopy type of a bouquet of 2-spheres, 
and asks whether it has a handlebody decomposition with no I- or 3-handles. Although the Milnor 
fibre is diffeomorphic to a submanifold-with-boundary of a non-singular algebraic surface in CP’, 
the theorem seems to be no use in this local problem. 
(3) With only a little more care (to deal with the case of more than one singular point) the 
proof in 92 applies to prove an apparently broader result than the theorem. 
SCHOLIUM. If V is any non-singular algebraic surface, in any complex projective space, which 
has some simply-connected hyperplane section (no matter how singular or how non-generic), 
then V has a Morse function without critical points of index 1. I 
For instance. if V is formed by blowing up a surface in CP3 at several points, then V is 
certainly diffeomorphic to a surface satisfying the hypothesis. Since, however, blowing up means 
taking connected sum with -CP’ (up to diffeomorphism), and since the class of manifolds 
satisfying the conclusion includes CP’ and is closed under connected sums, this is not a new 
result. And I know of no other class of examples of surfaces not actually diffeomorphic to 
surfaces in CP3. It would, for instance, be interesting to know if there are any non-singular, 
non-trivial complete intersections in CP4 which have singular, simply-connected hyperplane 
sections. 
(4) The recent results of Mandelbaum and Moishezon reported in [2] seem to be related to, 
but distinct from. the theorem of this paper. They show that, if V is a nonsingular surface in CP3, 
then by ‘anti-holomorphically blowing up’ V at just one point (i.e. taking the connected sum of V 
with CP’), one can eliminate both l- and 3-handles simultaneously. As far as I can tell, my 
theorem does not imply theirs, nor theirs mine. Nor does Corollary 2 follow from their theorem, 
but Corollary 1 does. 
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